We prove a structure theorem for strongly continuous one-parameter groups formed by surjective isometries of the space of bounded N-linear functionals over complex Hilbert spaces. As a consequence, the strongly continuous one-parameter automorphism groups of Cartan factors of type I are classified.
It seems that even the strongly continuous one-parameter subgroups of Aut(L(H (1) , H (2) )) are not fully described in the literature. One may expect that, for any number N of factors, the elements of the identity-component of A should be mappings of the form
. . , U N x N ) (Φ ∈ B).
This seems also not yet been established in full generality, and Jordan theoretical arguments cannot be expected to be suitable for the proof. Our main result, which is prompted by this conjecture, is the following seemingly plausible statement. k=1 κ k (t) = 1 (t ∈ R) such that each component t → κ k (t)U k,t is strongly continuous; that is, all the functions t → κ k (t)U k,t h k (h k ∈ H (k) ; k = 1, . . . , N) are continuous from R into H (k) with norm topology. Assuming then without loss of generality the strong continuity of the components t → U k,t , we show that the families {U k,t : t ∈ R} are Abelian and then, by means of their Gelfand representations we can choose the multipliers κ k : R → T even in a manner such that we have U k,t = κ k (t)U t k with some not necessarily strongly continuous one-parameter groups t → U t k . We finish the proof after a series of probabilistic arguments where we establish that this representations can be improved to the form
with strongly continuous one-parameter groups t → U t k and continuous functions χ k : R → T, respectively.
Preliminaries, adjusted strong continuity
Throughout the paper R and C are the standard notations for the sets of real and complex numbers, respectively and T := {κ ∈ C: |κ| = 1} denotes the unit circle. Without danger of confusion, in each of the spaces H, H (1) , . . . , H (N) , we shall write .|. and . for the inner product and the norm, respectively. The products .|. are supposed to be linear in their first and conjugate-linear in their second variables. With this convention, h * will denote the linear functional x → x | h . Conveniently, we shall use the customary tensor product notations [9, Section 1.3] in the space B = B(H (1) 
Also we shall write
The factorization of non-trivial composition operators is unique up to constant coefficients: if A 1 , . . . , A N = 0 we have
1 In particular for unitary operators
Observe that for the vectors x := g + κ h with the values ρ :
Therefore we have the norm estimate
In particular, with ε := 0 we see that g * 
is contained in some I s n . Since h
. Then the function assembled as
To prove the local statement, we may assume s = 0 without loss of generality. The continuity of F entails the continuity of function (t, u) → dist(F(t), F(u)). Hence we can choose I 0 to be an open interval around 0 such that
, for every t ∈ I 0 there is a unique unit vector f t such that
In particular, with suitable unit vectors u t ⊥ f 0 and with suitable angle parameters 0 ϕ t < π/2 we can write
Given any convergent sequence t n → t in I 0 , the continuity of
Thus necessarily ϕ t n → ϕ t . Hence, for any cluster point ζ of the sequence
In any case we must have 
. From the continuity of both Ψ and Ψ we infer the continuity of μ : R → T.
2 Hence also the functions t → f k,t := μ(t)f k,t are continuous. 
An application of Proposition 2.4 to functions of the form U(t)[h
the following.
Corollary 2.6. Given any family
As usual, we say that a net (V α ) α∈A of bounded linear operators B → B is strongly convergent to V (notation: 
is a consequence of the continuity of both the functions t → κ (t)U ,t h and t → κ (t)U ,t h that the coefficient ratio t → κ (t)κ (t) is also continuous (see footnote 2). Hence we deduce the continuity of
However, here we have Proof. It is a well-known elementary fact [5] that the adjoints of the elements of a strongly convergent net of unitary operators in a Hilbert space form a strongly convergent net. 2
Separate commutativity
In view of 2.7 and 2.8, we may use symmetric strongly continuous factors in the one-parameter group U by passing from 
Proof. Consider any t > 0. We can see by induction on n = 1, 2, . . . that
for some family {κ
Indeed, for n = 1 the choice κ (1) k := 1 suits trivially. Assume (3.3) . for some n 1. We have then
Since factorizations of composition operators are unique up to constants, it follows
, which completes the induction step. As a consequence of (3.3), the families 1 k N) and the powers of U k,t commute. Since 
Proof. By Proposition 3.2, the families U k := {U k,t : t ∈ R} are necessarily Abelian. Thus, given any index k, the complex norm-span A k of U k is a commutative unital C * -subalgebra in L (H (k) ). In particular, for some compact topological space Ω k , A k is isometrically isomorphic to the algebra C(Ω k ) of all continuous functions Ω k → C equipped with the spectral norm, and there is a surjective linear isometry T k : C(Ω k ) ↔ A k along with a family of continuous functions u k,t :
Similarly as in the proof of (3.3), the relations U(s)U(t) = U(s + t) (s, t ∈ R) imply that
with suitable functions λ 1 , . . . , λ N : R 2 → T satisfying 
Remark 3.5. In contrast with previous constructions, the product of the functions κ 1 , . . . , κ N in Theorem 3.4 may differ from 1 in general.
Local Gelfand-Neumark representations
Conventions 4.1. Throughout this section let k ∈ {1, . . . , N} be an arbitrarily fixed index and write H := H (k) for short. We shall consider a one-parameter group t → U t ∈ U (H) of operators along with a function κ : R → T such that
For motivation recall the decomposition κ k (t)U t k = U k,t of the strongly continuous factor t → U k,t of U(·) in Theorem 3.4.
As further standard notations, define with any maximal family {H x j : j ∈ J } such that H x j ⊥ H x ( j = ∈ J ) guaranteed by the Zorn Lemma. For later use we fix a decomposition (4.3) . Given any index j ∈ J , the mapping
is a positive linear functional with φ j (1 Ω ) = 1. By the Riesz-Kakutani Representation Theorem, there is a unique probability
the representation T extends to an isometric isomorphism
with the property
Notice that the restricted operator U t | H x j ∈ U (H x j ) is unitarily equivalent to the multiplication operator
Namely we have M ( j)
Remark 4.4. According to the usual convention, the space L 2 (Ω, μ j ) consists of equivalence classes of functions modulo zero sets with respect to μ j . Actually such zero sets may be rather "large" in the sense that μ j (supp(μ )) = 0 ( j = ) in general.
In this case, each measure μ j is supported by the single point { j}, and μ j (Ω \ { j}) = 0. 
In terms of the Representation 4.2, we can interpret Remark 4.5 as follows.
Lemma 4.6. Given a mapping t → w t from R into C(Ω) such that max |w t | 1 (t ∈ R) the statements below are equivalent:
Remark 4.7. The main step in our proof of Theorem 1.1 will be to show that, given any index j ∈ J , we have
with a suitable continuous function χ j : R → T and a strongly continuous one-parameter subgroup t → U t j of U (H x j ).
Probabilistic arguments
We are going to carry out the program of Remark 4.7.
Conventions 5.1. Throughout this section let Ω denote a compact topological space and let μ be a probability Radon measure on it (i.e. μ(Ω) = 1). Given any bounded μ-measurable function a : Ω → C, we shall write M a for the multiplication
h (ω) for all t, h ∈ R and ω ∈ Ω. Finally we assume that κ : R → T is a function such that
and the mapping t → κ(t)M a is strongly continuous that is
In terms of the Representation 4.2, given any index j ∈ J and, by taking μ := μ j , for the existence of a decomposition required in Remark 4.5 we have to prove that κ(t)u 
Proof. If a n → 0 stochastically then lim inf n μ{ω:
in this case we have lim inf n M a n 1 Ω 
Hence, with the product measure μ ⊗ μ, 
Proof. Let t ∈ R be arbitrarily fixed and write ε := (|t|). According to Remark 5.10(3),
that is the sets Ω (2) t/n!,π /n! form a shrinking sequence. Thus it suffices to establish that μ ⊗ μ(Ω (2) 
.).
Fix also n > 0 arbitrarily. Then
. It is well known that the product of bounded stochasti- for all t ∈ R, and j 1 ∈ J 1 , . . . , j N ∈ J N . Since t → C t is a strongly continuous one-parameter group R → A (H (1) , . . . , H (N 
